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SUMMARY 
Theodorsen's propeller theory is used t o   c d c u l a t e  the performance 
of a dual-rotating propeller having nonideal load distributions. !The 
application of this theory  to  either performance or  design  calculations 
of dud-ro ta t ing  propellers i s  found t o  involve a modification t o  the 
value of the mass coefficient, which is.shm t o  be affected by the 
r a t i o  of the spinner radius to the propeller radius. The effect  i s  
very important and, since it has not been considered i n  previous work on 
this subject, the required modification and the method of application is 
explained in  the  present  paper. 
By using  a i r foi l  data which were obtained from the   resul ts  of 
special propeller tests, performance cdcula t ions  axe made for an eight- 
blade  dual-rotating  propeller with flight Mach numbers varying from 0.53 
t o  0.9. The calculated results are compared w i t h  experimental results 
for the same propeller. The calculated and experfmental power coeffi-  
cients are found t o  be i n  good agreement over the entire range investi- 
gated. A t  a flight Mach  number of 0.53, the calculated and experimental 
efficiences are also in  c lose a g r e e m e n t .  At flight Mach numbers of 0.80 
and 0.90, the calculated efffciences are from 3 t o  6 percent lower than 
the experimental values. This discrepancy i s  believed t o  be due t o  
inaccuracies in the drag data. 
In references 1 t o  4 Theodorsen presents the ideal circulation 
functions  for single- and dual-rotating propellers as obtained by a 
method of e l ec t r i ca l  analogy. As a further step the ideal circulation 
functions axe integrated t o  obtain values of the mass coefficient. The 
mass coefficient i s  used in developing expressions for computing the 
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thrust, energy loss, and the efficiency of any propeller having the 
i d e a l   a s t r i b t i o n  of circulation. The application of these concepts 
t o  propeller design is described in  reference 5. 
The mass coefficient may be interpreted as the   ra t io  of the mean 
re-d displacement velocity taken over the entire wake croas section 
t o  the rearwa;rd displacement velocity on the vortex sheets. The IU&SS 
coefficient i s  used d i r ec t ly   i n  determining the interference velocities. 
In practical applications there is a large difference in the mass coef- 
f ic ien ts  of sfngle- and dud-rotating propellers.  In v i e w  of the fore- 
going interpretation of the mass coefficient-, there is a l s o  a large 
difference i n  the interference velocities. Hence, the use of the cir-  
culation functions of single-rotating propellera in the calculation of 
the perf-ce of dual-rotating propellers, as has been done in  the 
past, appears inadequate. 
The circulation functions for single-rotating propellers obtafned 
in  reference 1 are i n  good agreement with values  previously  obtained by * 
Goldstein and Lock, which have been found t o  be adequate for use i n  per- 
formance calculations involving single-rotatfng propellers at low flight 
Mach numbers. Very l i t t l e ,  if any, insight has been gained, however, as 
t o  the applicabili ty of Theodorsen's concepts t o  calculating the perform- 
ance of dud-rotat  ing propellers. 
It i s  the purpose of the present paper to test the applicabili ty of 
the dual-circulation  functions  in performance calculations by direct  
cornpaxison with experimental results. Eqerimental results 00 the same 
propeller for which the calculations &re made, an eight-blade 
NACA 3-(3)(03)-05 dual-rotating propeller, are given in reference 6. 
During the course of the present work it was found that   the   ra t io  
of the spinner radiue t o  the propeller radius has an important effect  
in evaluating the mass coefficient f o r  dual-rotating propellers. Ln 
propeller.design, this ef fec t  can greatly influence the propeller dimen- 
sions. The present paper eqlains  the role  of the spinner-propel ler  
radius ratio in determining the mass coefficient, and gtves a method of 
application  in  the  design  procedure. 
The fac t  that the t e s t s  of reference 6 cover f l i gh t  speeds w e l l  up 
into the transonic range presents an opportunity to test the applica- 
b i l i t y  t o  dual  rotation of airfoil  data  recently  acquired from the 
resultq of special propeller tests (reference 7) i n  the required Mach 
number range. A t  low speeds these data are, in general, very similar t o  
the  results  obtained- from standard two-dimensional wind-tunnel tests of 
the same airfolls. As t he  c r i t i ca l  speed is approached and exceeded, 
several differences are found t o  exis t  between the two se t s  of data. 
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In the present paper co.~nparisons are made between the calculated 
propeller  characteristics and the experimental results at f l i g h t  Mach 
numbers varying f r a n  0.53 t o  0.9. The a i r f o i l  data used f o r  the ca3- 
culations at the lower Mach number are  in the reage w h e r e  only mall 
discrepancies exist between the  propel ler   a i r foi l  h t a  of reference 7 
and standard two-dimensional data. The dffferences in the  a i r fo i l  data 
are much more pronounced at the higher flight Mach numbers. 
SYMBOLS 
B number of propeller  blades 
b chord  of propeller-blade element 
Cd section drag coefficient 
section let coefficient 
section  design lift coefficient '  
c Z  
C 
ld 
PC ideal wwer  coefficient 
CP power coefficient ( p / p n ~ )  
CT thrust coefficient (T/p2&) 
CQ to r  que coefficient (Q/pnW) 
D diameter of propeller 
d drag of propeller  section 
h blade-section maximum thickness 
J advance r a t i o  (V/nD) 
a x )  circulation  fu ction 
z lift of propeller  section 
M Mach  number of advance 
I 
Mx section  resultant Mach  number 
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n propeller  rotational speed, r p s  
P power 
Q t o r  que 
R t ip   rad ius
r radius   to  any blade element 
T thrust of propeller 
V velocity of advance 
W resultant  velocity at blade  section 
WO velocity  vector (J;") 
W rearward displacement  velocity of helical  vortex  surface 
W r a t i o  of  displacement  velocity t o  forward velocity (w/v) 
X radial location of blade element  (r/R) 
- 
x0 spinner radius   ra t io  
U angle of attack, degrees 
P blade  angle,  degrees 
Y tan-l Cd/CZ 
K mass coefficient (2So1*O K(x)x dx ) 
IC' effective mass coefficient 
6 axial energy-loss  factor 
6' axial energy-loss  factor based on IC' 
t7 propeller  efficiency (TV/P or JCT/CP) 
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P mass density of air 
.a solidity  (Bb/%r) 
=c 2 propeller dement load coefficient 
@ aerodynamic  helix  angle 
$0 
geometric  helix angle (tan-' J/IIX) 
Subscripts: 
F front 
R rear 
0.m at 0.7 radius 
INFLUENCE OF SPIlYHER-PROl?EZLER RADIUS R A T I O  ON THE 
DESIGN OF DUAL-ROTATING PROPELLEES 
Although  the  application f Theodorsen's  propeller  theory to the 
design of dual-rotating  propellers is described in reference 5 ,  the 
influence of the  spinner-propeller radius ratio on the mass coefficient 
is  not  considered.  The  necessity  for  including  this  ratio as a design 
parameter  arises  from  the  large  values of the  circulation  functions 
occurring  over  the  inner  radii for dual rotation, as contrasted  to  the 
very small values  which  occur in single  rotation. 
The mass coefficient 
tz = 2 p." xK(x)dx 
includes  the  entire  propeller-disc area from x = 0 to x = 1.0, 
whereas, in actual  practice,  some of the  inner  radii  are  covered by a
spinner.  There is no circulation  within  the  spinner  area  and  the  spinner 
surface  itself  may  cause  interference  effects on the  remaining flow 
field.  For  cases where this  interference  effect i s  small, as In the 
present  case,  the mass coefficient  can  be  evaluated as 
K' = 2J1-O &(x)* 
xO 
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The Interference velocity is obtained by solving the equation 
Comparison of equations (2)  and ( 3 )  shows that ,  for  a given PC, equa- 
tion ( 3 )  yields a larger value of F than does equation (2) because R l 
is  l e s s  than tc. The proper  evaluation of the  quantity F is very 
important because this quantity is used direct ly   in   calculat ing  the 
element loading coefficients  ucZ and the aerodynamic helix angles. A 
dual-rotatin@; propeller which €6 designed neglecting the spinner propel- 
l e r   rad ius   ra t io  w i l l  tend t o  operate with heavier than the desired 
loadings at the design conditions with 8 consequent loss in efficiency. 
The quantity €'/K ' i n  equation ( 3 )  can' be obtained in  the  manner 
shown fn reference 5 by substituting K' f o r  K. For many practical  
"poses ,  it should be sufficiently accurate to u8e ei ther  €/E or K 
for  6 ' /E ' because the influence of this quantity i n  equation ( 3 )  i s  
not unduly large. 
The effective mass coefffcient K' can be  obtained from 
where 
AIC = 2 rxo xK(x)dx 
J O  
UP to x0 0.4 the  integrand  plots  approximately as a straight line 
against x, T h i s  fac t  a l l o w s  an analytical solution 
Arc Z xo2K(=) (4 )  
which i s  sufficiently accurate for applications where x, does not 
exceed 0.4. 
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CALCULATION O F  PROFELLEX CHARACTERISTICS 
For ideal conditions with both propellers absorbing equal power at  
equal  rotational speeds and considering both propellers as being very 
close together, equations for determining the element loading coeffi- 
cients of dual-rotating propellers are given in  reference 5 as follows: 
For the same ideal conditions, the aerodynamic helix angles Etre 
determined from 
RX 
where 
As noted in the preceding discussion on the influence of a spinner on 
the K function, the K function in  these  equations  should be replaced 
by K’. VEtlues of K and K(x) as functions of the parameter ’ “ + - ~ ( 1  + W) &e given in reference 5.  These m u e s   f o r  an eight - 
blade dual-rotating propeller (including K ’ for  x, = 0.36)  axe given 
in figure 1. 
nD 
When the element loading coefficients and the helix angles have 
been determined (equations ( 5 )  to (a)), the element force coefficients 
can be c d c u h t e d ,  provided the drag-l i f t  ra t io  is known, from the fo l -  
lowing equations : 
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The derivation of equations (10) t o  (13) is  given in the appendix. For 
the ideal conditions, 
IC = Constant 
For nonideal cases, experience has shown that sa t i s fac tor i ly  
accurate calculation-of the characterist ics of single-rotating propellers 
can be achieved by considering the c i r c u l a t i o n   k c t i o n s   t o  be dependent 
only on the local value of V. The same assumption is applied for dual- 
rotating propellers. Dud rotation, however, involves  another  complica- 
tion, namely, the mutual interference between the two propellers. Ln 
equations (7)  and (8), for example, the aerodynamic helix angles of the 
front end rem propellers are different and this difference depends on 
the mass coefficient, which i s  unhown for nonideal cases. 
In the present calculations, f o r  lack of better information, it i a  
assumed that IC for  the ideal and nonideal  case i s  not greatly dif- 
ferent.  A t  each stat ion K is  evaluated  for  the  local  value of F 
as though the whole propeller operates at the local value. 
Before proceding with the calculations, the propeller geometry, the 
flight Mach  number, and the operating J must be given, and a set of 
su i tab le  a i r fo i l  data must be available. When t h i s  information i s  given, 
the calculations are made . 7 j y  computing 
and tan  f l ~  (equations ( 5 )  t o  (8) ) at appropriate radial. stations fo r  
(QCZ)F, ( b C Z ) $  tan @F, 
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several  values of F. The so l id i ty  Q being Imam, a value of cz i s  
obtained for each V and the corresponding OG is determined from the 
a i r fo i l   da ta .  The value of OL f o r  a given  cz depends on the  section 
Mach number W c h  is  given by 
When ap and % corresponding t o  each assumed value of V are obtained, 
compute 
These values are plotted against a; the intersection of these curves 
with  the & and & given by the  propeller geometry gives the 
operating d u e s  of and %. The operating d u e s  of WF and WR 
aze then used in equations ( 5 )  t o  (8) to  cmpute the operat ing (crc~)~,  
- 
(LTcZ)R , &, and & f o r  use in equations (10) t o  (13) (these  quantities 
may also be determined by plot t ing the trial values against F and 
reading  the  values  corresponding t o  the operating GF and 5). Since 
the  operating  ac2 and cr of each  propeller are now known, cz can be 
determined and c&z1 be used t o  find the corresponding tan 7 from the 
a i r f o i l  data f o r  the appropriate section Mach number. 
The power and thrust  coefficients are given by 
10 
The efficiency i s  
Reference has already been made to figure 1, which shows the K( x)  
and IC values as functions of the parameter J(l + a). The present 
calculations, in most cases, involve unusually large values of J w i t h  
the resu l t  that vdues  of J(l + a)  are beyond the rasge covered in  
reference 1 and extrapolation, as indicated in the figure, i s  necessary. 
PR0PELL;ER AND AIRF'OlL DATA 
Description of Propeller 
Blade-form curves for   the NACA.3-(3)(05)-05 eight-blade dual- 
rotating propeller me given i n  l igure..2. NACA 16-series airfoil  sec- 
t iohs  are used  throughout. The spinner-propeller  radius  ratio  for 
the par t icdm configurat ion tes ted was 0.36. Details of the test setup 
aze given in reference 6. The propeller was tested at forward Mach num- 
bers varying from abaut 0.35 to 0.925. Blage-angle sett ings of the 
front propellers *re varied from 55' t o  80 . The rear  blade angles 
were se t  at slightly smaller values, the object being t o  have each pro- 
pel ler  absorb equal power at peak efficiency. 
The NACA 3-(3)(05)-05 propeller incorporates a pitch  distribution 
which makes it suitable for operation at an unusually high value of the 
advance rat io ,  about 7.2. The propeller consists essentially of two 
single-rotating propellers of opposite rotation. The 
of t h i s  propeller is shown for cmparison with the average curve fo r  an 
ideal (Theodorsen) dual-rotating propeller with J = 7.15 in  f igure  3. 
This comparison shows that, i n  terms of the loading at the 0.7 radius, 
(bCZ) 
(bCZ)x=0.7 
curve 
. 
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the test  propeller incorporates higher loadings outboard and lower 
loadings inboard than does the ideal propeller of Theodorsen. 
Airfoil Data 
Airfoil  data used i n  the calculations axe shown i n  figures 4 t o  9. 
Figures 4 t o  6 show the variation of c a p Z  (or tan 7) as a function 
of section Mach number with cz as parameter. Figures 7 t o  9 show the 
w i a t i o n  of a, wlth M, with  cz as parameter. 
Data f o r  these figures were obtained from reference 7. The test 
program of reference '7 involved the measurement of chordwise pressure 
distributions on a blade of the NACA 10-(3)(066)-033 propeller under 
operating conditions. By using the circulation functions for single- 
rotating propellers t o  determine the interference velocities, it w a s  
possible to   ca lcu la te  the two-dimensional a i r fo i l   charac te r i s t ics .  
Since the method of  measurement gives the lift and the pressure drag 
only, it i s  necessary to estimate the f r i c t i o n  drag. In the present 
case a f r i c t ion  drag  coefficient of 0.004 was used. 
The propeller from which the a i r f o i l  data were obtained has the 
same design l i f t  coefficient as the propeller b e ~ g  investigated. The 
thickness dis t r ibut ion of the two propellers differs, however, which 
necessitates  cross  plottFng  against   thiclmess  ratio  to  obtain data for  
the proper thickness ra t io .  
A s  previously mentioned, comparisons of a i r f o i l  data from the 
results of the special propeller tests Kfth standazd two-dimensional 
w€nd-tunnel data show comparatively smal differences in the subcri t ical  
speed range. Beyond t h i s  range the differences are more pronounced. ~ 
Wind-tunnel data in the supercr i t ical  range are subject   to  laxgely 
unknown wind-tunnel-wall effects,  and it is  believed preferable to  use 
the propeller test  data in  propel ler   cdcuht ions.  
mSULTS AND DISCUSSION 
Calculations of the propeller characteristics were made for 
several bide-angle settings and flight M a c h  numbers. The calculated 
total-power coefficients and efficiences are compared with q e r i m e n t a l  
values i n  figures 10 t o  12. Figures 1 3  t o  15 give comparisons of the 
individual front and rear power coefficients.  'RE blade-angle settings, 
the flight Mach numbers, and the values of J are indicated in  the 
figures . 
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The calculated total-power coefficients are i n  very good agreement 
with the experimental values (figs. 10 t o  12). This good agreement 
indicates that, on the &wrapj the dual-rotating propeller circulation 
functions give the interference velocities correctly and that  the air- 
fo i l   da t a  show the re la t ion  between cz, a, and Mx properly. Com- 
parisons of the calculated individual front. and rear power coefficient6 
with the experimental values (figs. 13 t o  15) show that the calculated 
values f o r  the f ront  propel ler  we always higher and the calculated 
values for the rear propeller me a l e s  lower than the experhental 
values. This discrepancy i s  believed t o  be due t o  an assumption i n  the 
derivation of the equations that both propellers operate with the i r  
planes of rotation very close together. 
Comparisons of c0.J-culated and experimental efficiency show good 
agreement between the two sets of data a t  M = 0.53 (fig. lo), but at 
the higher Mach numbers (M = 0.8 and M = 0.9, f igs .  11 and 1 2 )  the 
calculated efficiency is from 3 t o  6 percent lower than the experimental 
efficiency. This discrepancy is probably caused by inaccuracies i n  the 
drag coefficient-sused i n  the calculations. Inaccuracies i n  the drag 
data would not appreciably affect the calculaflon of the power coeffi- 
cients because the drag vector in  the torque direction i s  very smal. 
CONCLUSIONS 
Theodorsen's propeller theory haibeen applied to the calculation 
of t h e   c k a c t e r i s t i c s  of  a dud-rotating  propeller having nonided 
load distribution. Calculations of the characterist ics involved the 
use of airfoil-section data obtained from the resulta of propeller tests.  
Within the range of the investigation, comparison of the calculated 
resu l t s  with experimental resul ts   leads  to  the following conclusions. 
1. The calculated and experimental total-piwer coefficients are in 
good agreement st flight Mach numbers vaxying from 0.53 t o  0.90. 
2. The calculated and experimental efficiencies are i n  close agree- 
ment at a flight Mach number of 0.53. A t  flight-Mach numbers of 0.80 
and 0.9, the calculated efficiencies are from 3 t o  6 percent lower than 
the experimental values. The diecrepancy is believed t o  be due t o  
inaccuracies i n  the drag data. 
-ley Aeronautical Laboratory 
National Advisory Committee for Aeronautics 
Lawley Field, Va. 
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DERIVATION OF FORMUUS FOR CALCULATION OF FORm COEFFICBNTS 
The element torque is 
s i n  $ + Cd COS @)dl 
With 
From reference 5 
Inserting these equations for the resultant velocities and divlding 
by pn2D5 gives t&e individual f ront  and rear element torque 
coefficients 
14 NACA RM L5lAJ-7 
The element thrust is given by 
dT = $ pW%b(cz cos $if - cd sin $)dr 
Substituting as before and dividing by pn2D4 gives 
It is readily seen that 
and 
. 
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(a)  ass coefficients. x. for re ' curve is 0.36. 
Figure 1.- Mass coefficients  and  circulation  functions for eight-blade  dual- 
rotating  proyeller. (Short-dash l ine  indicates  extrapolation. ) 
2s 
I 
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(b) Circulation functions. 
Figure 1.- Concluded. 
Figure 2. - Blade-form curves for RACA 3-( 3) (05) -03 dual-rotating  propeller. 
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Figwe 4.- Drag-lift  ratiq variatfon ueed for station x = 0.45. 
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Figure 5.- Drag-lift ratio variation used for s ta t ion  x = 0.60. 
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Figure 6.- Drag-lift ratio vmia t ion  used for statione x = 0.70 t o  
x = 0.95. 
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Figure 7.- Angle-of-attack variation used for station x = 0.45. 
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Figure 8.- Angle-of-attack variation used for-station x = 0.60. 
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Beetion Haah number, & 
Figure 9 .  - Angle-of -attack variation used f o r  s ta t ions x = 0.70 t o  
x = 0.95. 
. .  
MTMO. rat io,  J 
Figure 10.- Ccmrparlson of experimental q and Cp w i t h  calculated q 
and Cp. M = 0.53. 
. . . .  
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Figure 11.- Comparison of experimental q and Cp w i t h  calculated q 
and Cp. M = 0.80; BF = no; PR = 73'. . 
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Figure 12.- C o m p a r i s o n  of experimental q and Cp with  cdcu la t ed  q 
a d  Cp. = 0.9; = 75O; BR = 73'. 
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. . . . . . . . . a 
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Mranoe ratio, J 
Figure 14.- Comparison of experimental C and Cp with calculated 
pF R 
cpF 
and C 'R pll = 0.80; pF = 75O; pR = 7 3 O .  
. 
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Mvanae ratio, J 
c Figure 15. - Conqiarison of experimental C and Cp w i t h  calculated 
pF R 
and C . M = 0.9; &E = '15 ; j 3 ~  = 73'. 0 
pR 
N h C h - W q  

